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ABSTRACT

In this paper, we have developed some methodsnstragtion of group divisible designs using Hadadharatrix of size
p. Method of construction is supported by suitadample. Here, the constructed group divisible glesiare happened to

be semi Regular group divisible designs.
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1. INTRODUCTION

Yates (1936) introduced the Balanced IncompletecBIDesign for agriculture experiments. But, thewdrack of the
Balanced Incomplete Block Design is that it is agilable for all possible number of treatmentsaose of its parametric
relations: (i) b k = vr, (i) r (k- 1) = (v - Dra (i) b>v.

To overcome this problem, Yates (1936) introduceatizer class of design which he called Lattice Bmsivhich
is available for all possible number of treatmehtswever, the treatment must be either perfectreqorcubic. This type
of incomplete block design could not satisfy thguieements of the agriculture experiments. HenaeseBand Nair (1939)
introduced another class of incomplete block desidmich they called Partially Balanced Incompleteodd Design
(PBIBD). The advantage is that it is available &irnumber of treatments, even having a small nunolbeeplications.
Several authors developed the method of construcind properties of PBIBD. Again, Bose and Shimamd52)

classified the PBIBD with two associated class fite categories.
e Group Divisible design
» Simple Partially Balanced Incomplete Block Design
» Triangular type Partially Balanced Incomplete Blddsign
» Latin Square type Partially Balanced IncompletecRIBesign and
* Cyclic Partially Balanced Incomplete Block Design.

Among these, the simplest and perhaps most impodass of design is Group Divisible Design. A GQuou
Divisible Design is a two associate class of PBIiBDwhich the treatment may be divided into m —ug® of n — distinct
treatments each such that any two treatments thlang to the same group are called first associates any two

treatments that belong to the different groupssaeond associates. The association scheme carhiistesk by placing
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26 D. K. Ghosh & Narendra C. Singjia

the treatments in an n x m rectangle, where theneo$ form the groups.

Further, Bose and Conner (1952) have made a casafdy of combinatorial properties of Group Divisib

Design and classified them into three sub typen@ing upon the quantities (i) Q = At and (i) P=rk —w2 .

The Group Divisible Design is classified into threlasses from the consideration of the characienisbts of

NN’ matrix as follows:
(a) Singular, if , r A1 = 0. Otherwise, Non singular, if n > 0.

Further, non singular group divisible designs dessified as (b) Semi — Regular, if r k .¥= 0, and (c )
Regular, if r k —w, > 0.

As we know from Bose and Conner (1952) that theterce of a Balanced Incomplete Block Design insptie
existence of Singular Group Divisible Design. Cdesing this idea, we have developed the constnuatib Singular
Group Divisible Designs with repeated blocks (SGB)}Rrom the Balanced Incomplete Block Designs widéipeated

blocks.

It is further seen that the Singular Group Divisilidesigns obtained here are having the same paenes
discussed by Clatworthy (1973). However, the Siag@roup Divisible Designs discussed here givesishenorphic
solutions to the solutions given in Clatworthy (3%.7Hence, the Singular Group Divisible Designsaleped here can be
claimed as the new solutions of Singular Group $le Designs. To show the isomorphism of the nelut®ns with
existing one, the triplets of the set of treatméntsll blocks are prepared and frequency of thelmer of triplets repeated
in the design is counted and its frequency distidlouis compared with the corresponding frequenstridution of
frequency of the number of triplets of the exista®signs. Ghosh and Das (1989) discussed the wotistr of two way
group divisible designs. Further, Ghosh and Bhiha880) carried out different method of construetad group divisible
designs. Later, Ghosh and Das (1993) carried eutdmstruction of group divisible designs with grbalance for group
comparisons. Very recently, Ghosh and Sinojia (20@€veloped the construction of group divisible iges using

Kronekker product of design.

In this investigation, we have considered Hadanmaatkices of size p. Such that HpHp’ = plp. Nextetk the
first column of this Hadamard matrix of size p.teke dimension of the remaining matrices becomgs 1, called this
matrix A. Next code these elements 1 of matrix Alashile elements -1 as 2, ands called this m&riBy keeping 1st
column of matrix B as such and then adding 2, 4,,&(n-1) with every dements of 2nd , 3rd , 4th (n-2)th columns

respectively of matrix B. We obtained a partiallgl&ce Incomplete Block design with parametersA{p=1), b =p, r =

P =
p/2, k = p-1,A1=0,nl = 122 = p/4, n2 = 2(p-2), n=2, m= (p — 1) alonghnhe associate matrix as’

(8 2(m0— 1)) and (8 2(m0— 2))'

Here, our effort is to construct partially balanéedomplete block design through Hadamard matrien¢€, we

defined the Hadamard matrix in section 2.
2. DEFINITION OF HADAMARD MATRIX

A matrix Hn of order n is said to be Hadamard mifrtHnHN = Hn Hn= nin, where n is multiple of four with
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Ha = {1 —11}

3. METHOD OF CONSTRUCTION

Consider a Hadamard Matrix of order p such that pipHp .. Next, delete the first column of this Hadamardriraof

size p so the dimension of the remaining matrixobees p x (p-1). Call this matrix by A. Next code thlement 1 of

matrix A as 1 while element -1 as 2 and call th&gnr by B.
3.1 Group Divisible Design with (p - 1) Treatments

Theorem 3.1:By keeping first column of matrix B as such andntlaglding 2, 4, 6,..., 2(p -1) with every elemen21f,
39, 4" .., (n -2Y" columns respectively of matrix B, we obtain Graliyisible partially balanced incomplete block desig
with parametersv=2(p-1),b=p,r=p/2, k=pA=0,n=1,=p/4, n=2(p-2), n=2, m= (p — 1) along with
the association matrix.

P.IZ(O 0

"o 2am-1) F?f=<0 y )

) and 0 2(m-2)

Proof: Let Hp be the hadamard matrix of size p, whoseneigs are +1 and -1. Now, delete the first colurfthis
Hadamard matrix. Let us call, this matrix as A. Hwer, the dimension of this matrix reduces to px1). Next, we
replace the element +1 of matrix A by 1 and elemgriy 2. This matrix is called B. First columnmohtrix B is kept as
such, while element in"g 39 (n-2)" columns of matrix B is added by 2, 4, 6,..., 2(h)+espectively. Call this matrix by
D. In first row, all the elements are odd. It istewh here that the difference of elements betwegntan consecutive
columns of first row is always two. In design matli, we have added 2, 4, 6, ... to get design BY, i) each subsequent
number is multiple of 2, so the number of treatnfenresulting design is 2(p -1). Now in design mab, we have (p -1)
columns. Since in design D, number of rows is samm matrix B and matrix A and hence number o€kdofor resulting
design is p. In hadamard matrix of size p, eachroal contains p/2 time +1 and p/2 times -1. Furttieis replaced by 1
and -1 by 2 and hence for resulting Group Divisithsign, each treatment is repeated p/2 times. dereit is observed
that treatment i and i+1 do not occur togethemy block and henckg;= 0 and such treatments is always 1 and hepee n
1, where treatment i represent odd number of treatnfor an example, if i = 1 then i + 1 = 2 anddeefor treatment 1
first associate treatment is 2 and vice versa. Nesll be 3. That is, first associate treatment 190 3, 5, 7, 9,...., (2p - 3)
are always 2, 4, 6, 8,....,2(p - 1) and vice versatHer with treatment i, the remaining 2(p -2) tne@nt will occur p/4
times only, and hence the number of second asssdisatments are 2(p — 2), that is=r2 (p-2) and\, =p/4. The design
D satisfied all the primary and secondary parametiation of PBIB Design and hence the resultiegigh is partially

balanced incomplete block design of two associltgses. Further, we observed that n = 2 ardIn again m =Z = Z(I’T_l)

=(p — 1), hence m and n are positive integers, so thiBRIgkign satisfies the criteria of group divisidksign. Again (r-
M) = g— 0 which is always greater than zero and is integep & always multiple of 2 and greater than angaktp 4.
Moreover, (rk - %) = g(p —1) —2(p — 1)x p/4 is equal to zero. Since (kg and (rk - W) satisfied the characteristics

roots of NN matrix and hence the resulting PBIB design is segular group divisible design along with assderat

matrices.
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P = (0 0 P = (0 0 )
0 n(m-—1) 0 n(m-2))
Example 3.1:Construct a semi regular group divisible desigmpidrametersv=14,b=8,r=4,k3y5 0, n=1,A,=

2,n=12,n=2andm=7.

) and

Consider a Hadamard matrix of size p = 8. Thisvsmgbelow.

11
-1 1-
1-1—
-1-1
-1-1-
1-1
-1 1
11—

p—xi—\b—\b—\;—\r—kr—*b—\
)

After deleting first column and replacing 1 by lda#l by 2, we get another matrix B with dimensioK &. This

is given below:

RPN RN RN e

L2

Next, we kept first column as such and added B, 8, 10, 12 with all the elements of columf§ 3¢, 4", 5"

6Ih

1 3 5 7 9 11 137
2 3 6 7 10 11 14
1 4 6 7 9 12 14
D= 2 4 5 7 10 12 13
1 3 5 8 10 12 14
2 3 6 8 9 12 13
1 4 6 8 10 11 13
2 4 5 8 9 11 14

NP R NNR R

2

P NNR RPN R

NINNN R R R R

P NRNNRDNR

P NDNDNN R

1

NP RNR NN e

and 7' respectively. The resulting design D is given by

By considering rows as blocks, D gives semi reggtaup divisible design with parameters v =14, 8& =4, k

=7,=0,n=1,%=2,n=12, n=2, m=7 along with association matriaes

(0 1)

However, this is not a new semi-regular group diésdesign as it is reported as SR 80 in Clatwo(it973).

F?jl=(0 0

pP?
0 12), and "

However, the method of construction is different.
3.2: Construction of Group Divisible Design with v= p Treatments
Using matrix B from section 5.3.1, we can againstarct another series of group divisible desigrhwidrametersv =p, b

=p, r=— —k, klzo,qzl,kzzg,r}z:p-z, n=2and m2P=.This is shown in theorem 3.2.

2 2
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Theorem 3.2:Let us construct a matrix B using section 5.3.1.uskeep firsg columns of design Matrix B as such and
delete the remainingzp-(-l) columns. Adding 2, 4, 6, ..2(- 1) with 2, 3¢, 4" ... 2 column of matrix B there always

exits a group divisible design with parameterspy=Db, r = k =§ , =0, n=1,A, = E ,h=p-2,n=2and m123=.

Proof: First of all, construct a design matrix B usingt&n 3.1. Now, we are keeping the figsd:olumns intact and delete

the remainingg(- 1) columns from design B. Since with design ma®, we have added 2, 4, 6, 8, ...52( 1) with the

elements of 2, 3¢ ,4"..., €)" columns. The elements present in incidence mBtaxe 1 and 2 so number of treatments
for resulting design is 2§(= p. Obviously, number of blocks is p and% ;Sinceg columns retains only new design and

hence k % . As per section 3.1, the remaining parameteragre0, n = 1,)»222 , b = p - 2. The resulting group divisible

design happened to be symmetric semi-regular gdoagible design.

Example 3.2: Construct a symmetric semi-regular group divisitdsign with parametersv=b =8, r=k 22470, n
=1,%=2,n=6,n=2,and m=4,

Let us construct a Hadamard matrix of size 8 as/p==8 which is given as

111 11 11 1
1-1 1-1 1-1 1-1
1 1-1-1 1 1-1-1
A-l1-1-1 1 1-1-1 1
111 1-1-1-1-1
1-1 1-1-1 1-1 1
1 1-1-1-1-1 1 1
l1-1-1 1-1 1 1-1

Next, after deleting first column and decoding «llaand -1 as 2 we get another matrix of dimeng§ion7

provided first row remain as such. Denote this ixdy B. This is given below:

N R NRNDR NS
R NN R P NN R
PR NNNN R .
N R RN R NN

NN R R NNR e
NINNN R R R R
P NRNNRDNR

Delete the last three column from matrix B. Keepéfgments in first column as such and add 2, #it, 2™, 3¢,

4™ column of matrix B. Finally, we obtain matrix D given below:

NRNRNRN R
SR W WD R W W
S - R T o N NIT
© 0NN g
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The resulting design D is a partially balanced mptete block design by considering rows as numlibéraxk.

Blocks of this design are given below.

12 1 21212
33 4 43344
56 6 55665
77 7 78888

This PBIB design is happened to be the group dildsilesign. Here, the parameters of group divisielsign are
v=8=hb,r=4=kM=0,n=1,1=2, =6, n=2, m =4, Further, the characteristicisad group divisible design
satisfied r 2, =4 — 0> 0 and rk - = 4x4 - 8x2 = 0 and hence the resulting groupsdilé design is a symmetric semi

regular group divisible (SRGD) design.

This design is not a new SRGD as it is reporte8R36 in Clatworthy (1973). However, it is an alsmmethod
to obtain SR36 design.
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